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Abstract.
We performed the calculation of the scattering length for the elastic collision
between the rubidium and cesium atoms. For this we applied a variational procedure
based on the R-matrix theory for unbound states employing the finite element method
(FEM) for expansion of the wave-function in terms of a finite set of local basis functions.
The FEM presents as advantages the possibility of the development of a efficient matrix
inversion algorithm which significantly reduces the computation time to calculate the R
matrix. We also tested a potential energy curve with spectroscopic accuracy obtained
before from a direct adjustment procedure of experimental data of the X1Σ+ state
based on genetic algorithm. The quality of our result was evaluated by comparing
them with several ones previously published at literature.
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1. Introduction
Especially in recent years, researches on ultracold atoms have led to important
discoveries in atomic physics, notably the observation of Bose-Einstein condensation
in gases of alkali atoms [1]. The collision with a second atom has been attracting
interest because, among other things, opens the possibility of systematically cooling one
of the atomic species. From the theoretical viewpoint, ultracold collisions involve very
large interatomic distances, typically in the order of thousands of bohr, which makes
difficult the numerical solution of the scattering problem. In the study of elastic collision
between two atoms we consider the knowledge of the potential energy curve for short
and long internuclear distances, and the asymptotic physical quantities are expressed in
terms of S-matrix and phase shift obtained using the partial waves decomposition. In
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Rb-Cs cold collision 2
particular, the scattering length, in sign and magnitude, enables to know the character
of the interaction between atoms at very low energies.
Among the motivations for studying the cold and ultracold collision between the
rubidium and cesium atoms is that the RbCs molecule has been subject of several
recent spectroscopy studies [2–9]. In fact, it is the heaviest heteronuclear alkali diatomic
molecule with the largest permanent dipole moment being a candidate for experiments
with dense ultracold ensembles. The Bose-Einstein condensate has been successfully
obtained for both atomic species, and cold, and ultracold, molecules, specially for the
X1Σ+ ground eletronic state, have been produced, as well as, collisional properties
have been calculated. Studies of ultracold atomic mixtures could also be important in
applications in quantum computing.
In the theoretical studies of cold and ultracold collisions the variational methods
have been unusual because of large matrices produced due to the very long range
of potential. However, these procedures have proven to be a very powerful tool in
developing numerical solutions for problems involving quantum scattering processes [10].
There are a broad range of approaches leading to many different problems. In all of
them the solution is expanded in terms of known basis functions and the coefficients
of expansion are determined by solving a set of linear algebraic equations, yielding at
last the scattering observables. In particular, a procedure that has contributed to the
recent progress is the R-matrix method originally proposed in 1947 by Wigner and
Eisenbud [11] in the nuclear physics context, but which has been applied to several
problems in atomic and molecular physics [12]. The variational principle via the R-
matrix theory is formulated so as to lead to a problem of matrix inversion yielding as a
result the R matrix, which is then connected to the S matrix.
The success of the variational calculation will depend on the correct choice of basis
set; if it is appropriate to the problem, then the results will be accurate and it will
be required a lower computational effort for execution of problem solution. For this
purpose, a very accurate procedure is the finite element method (FEM). The FEM has
been widely used in the analysis of engineering problems, but over the years it has been
applied in both study of bound states as for scattering processes of quantum systems
[13–18]. As a variational approach, in addition to provides a means to systematically
improve the accuracy in the calculations in a natural way, the FEM has as advantages the
possibility of the development of a efficient matrix inversion algorithm which significantly
reduces the computation time to calculate the R matrix.
In this paper we performed the calculation of the scattering length for the elastic
collision between the Rb and Cs pairs using the variational R-matrix and finite element
methods which are presented in section 2. We also tested a potential energy curve
with spectroscopic accuracy obtained before from a direct adjustment procedure of
experimental data of the X1Σ+ state based on genetic algorithm. The results are
presents in section 3.
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2. Methodology
2.1. Variational R-matrix method
According to the variational formalism, the problem of solving the radial Schro¨dinger
equation for a system composed by two atoms is equivalent to finding the solutions of
the following functional of energy
Jl[χl] =
∫
drχ∗l (r)
{
− ~
2
2µ
d2
dr2
+ V efl (r)− E
}
χl(r), (1)
where l designates quantum number associated with the angular momentum, µ is the
reduced mass, χl(r) is the radial solution and V
ef
l (r) = V (r) +
~2l(l+1)
2µr2
is the effective
potential, where V (r) the potential energy curve.
The R-matrix method relates the wave function with its normal derivative on the
boundary surface between the asymptotic and interaction regions defined by the point
r = rmax. In particular, this method in variational form specifies that
χl(rmax) = Rl
dχl(r)
dr
∣∣∣∣
rmax
, (2)
where Rl is the R matrix for given l.
In order to have Rl, we expand the radial wave function in a finite set of basis
functions,
χl(r) =
p∑
j=1
cljfj(r), (3)
replace this expansion, and the condition (2), in the functional (1) and impose the
stationarity condition obtaining the R matrix for a collision process with one asymptotic
channel:
Rl =
~2
2µ
p∑
i=1
p∑
j=1
f ∗i (rmax)
{
B−1l
}
ij
f ∗j (rmax), (4)
with Bl ≡ Hl − EO where Hl and O are the Hamiltonian and Overlap matrices,
respectively.
The relation between Rl and the scattering matrix for the l-th partial wave, Sl, can
be achieved using the continuity of the function at point r = rmax and written in the
form
Sl = e
2iδl =
[1 + ikRl]
[1− ikRl]e
−2i(krmax− lpi2 ), (5)
where δl is the phase shift and k =
√
2µE/~2. The scattering length, a, is related to the
cross section for very small energies (k2 → 0) wherein only waves with l = 0 contribute
to scattering and it is given by
−1
a
= lim
k→0
[k cot δ0] . (6)
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On the other hand, for small value of wave number, k, the phase shift, for l = 0, can be
connected with the scattering length by the effective range expansion:
k cot δ0 = −1
a
+
1
2
rck
2 +O(k4), (7)
where rc is the effective range [19–21]. Therefore, the scattering length, as well as the
effective range, can also be calculated by equation (7).
A feature of the R variational formalism for scattering process is that, despite the S
matrix be complex, the R matrix is real and ensures its symmetry and unitarity. On the
other hand, a large computational effort is required the inversion of the matrix Hl−EO
in order to obtaining Rl and such effort increases with the cube of the matrix order.
But, this can be overcome by the finite element method which has great advantages
when used to expand the function (3) and solve the equation (4).
2.2. Finite element method
The finite element method (FEM) applied to the current problem consists basically in
divide the integration interval [0, rmax] into Ne elements, being the ith element defined
in the range of ri−1 to ri with r0 = 0 and rNe = rmax, and expand the radial wave
function as follows
χ(r) =
Ne∑
i=1
ni∑
j=0
cijf
i
j(r), (8)
where the parameter ni is the highest order of the basis functions associated with the
ith element, f ij(r) is the jth basis function of the same element and c
i
j are the expansion
coefficients. Here, the l-index associated with the angular momentum has been omitted.
The functions {f ij(r)} satisfy the following property
f ij(r) = 0 if r /∈ [ri−1, ri]. (9)
In particular, we utilizes, into each element, two interpolant functions, I i1 ≡ f i0(r) and
I i2 ≡ f ini(r), and polynomial shape functions, P ij ≡ f ij(r) with j = 1, · · · , ni − 1 (see
Ref. [22] for details). These basis functions have an important feature of that only the
basis function INe2 ≡ fNenNe (r) is non-null on the last node of the mesh:
f ij(rNe) =
{
1 for i = Ne, j = nNe
0 otherwise
. (10)
Because of equation (9), the elements of matricial representation of B̂ operator have
the following property:
{B}ii′jj′ =
b∫
a
drf ij(r)B̂ f
i′
j′(r) = 0 , ∀i 6= i′. (11)
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This leads to matrices with an interesting block tridiagonal structure. Due to properties
(11) and (10), when we utilize the FEM for expanding the radial wave functions (3) the
R matrix (4) is written in the following form
Rl =
~2
2µ
{
B−1l
}Ne+1Ne+1
, (12)
where Bl ≡ Hl − EO and the superscript indices in B−1l represent its last block.
Therefore, we need to know only the last block of the inverse of Hl − EO matrix
to obtain Rl. This can be done efficiently utilizing an algorithm developed by Prudente
and Soares Neto [23] aiming to calculate only the last block of inverse matrix. It reduces
significantly both the computational time to invert the matrix as the memory required
to store it on the computer and is demonstrated in details in reference [24].
3. Results
In this section, data are presented to the elastic scattering of the cesium (133Cs) by
rubidium (85Rb and 87Rb) atoms at temperatures close to absolute zero, interacting
via the ground state (X1Σ+) of the RbCs molecule. Specifically, we have presented
scattering length and effective range calculations for the potential energy curve (PEC)
obtained by Almeida et al [25] with spectroscopic accuracy from a direct adjustment
procedure of experimental data based on the genetic algorithm. All calculations were
performed using a computational implementation in Fortran based on variational R-
matrix method and the finite element method (FEM). Shortly, for a partial wave with
l = 0, we solve the matrix inversion problem, given by the equation (4) or (12), using
the matrix inversion technique [24]. Having computed the R matrix, we then calculate
the phase shift, δ0, from the equation (5). The scattering length, a, is obtained by its
definition given by equation (6). The FEM uses the same polynomials order for all
mesh elements (i.e., ni = const.,∀i) and the dimension of the Bl = Hl − EO matrix is
(Ne · ni + 1)× (Ne · ni + 1) with its last block having dimension 1.
The analytic function used to represent the X1Σ+ electronic state PEC of RbCs
molecule is as follows
V (r) =
(
5∑
i=1
air
i−2
)
e−(a6r+a7r
2) −
5∑
k=3
f2k(a8r)
C2k
r2k
, (13)
where
f2k(a8r) = 1− e−a8r
2k∑
i=0
(a8r)
i/i!
are the Tang-Toennies damping functions [26]. This potential function was originally
proposed by Korona et al [27], and its extension was performed by Patkowski et al [28]
to describe the ab initio potential for argon dimer. Furthermore, Prudente et al [29]
employed this potential function to adjusting ab initio PECs for the diatomic molecules
LiH and H2. The numerical values of the {aj}, j = 1, . . . , 8 parameters and the
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dispersion coefficients, Cn, n = 6, 8, 10, obtained by Almeida et al [25] are given in
Table 1. In such paper they extended their previous methodology based on genetic
algorithms [30] to fit the RbCs potential curve to spectroscopic data.
We also consider the potential proposed by Jamieson et al [31] who used their ab
initio calculated short-range data matched at 17.9524 bohr to the analytical expression
for long-range
V (r) = −C6
r6
− C8
r8
− C10
r10
− Arβe−γr (14)
with the parameters given in Table 2. In order to make a smooth connection between
the two parts of the potential, it was joined the value of the long range potential, at
17.9524 bohr, the points ab initio calculated utilizing an interpolation scheme of short-
range potential by cubic spline [32]. In the Figure 1 the PECs from equations (13) and
(14) are represented with the parameters given in Tables 1 and 2, respectively.
Jamieson et al [31] used the Numerov’s method to solve the radial Schro¨dinger
equation for small asymptotic values of the wave number, k, determining the scattering
length and effective range from the expansion (7). Employing the potential proposed by
them, shown in Figure 1, they obtained the value of a = 40.24 bohr, for the 85Rb−133Cs
collision, and, a = 60.18 bohr, for the 87Rb−133Cs collision. In turn, Zanelatto et
al [33] also used the Numerov’s method to determine the scattering length. Employing
the same potential, they obtained the value of a = 40.357 bohr, for the 85Rb−133Cs
collision, and, a = 60.610 bohr, for the 87Rb−133Cs collision.
To achieving a good accuracy of our results, we have divided the FEM integration
region in two intervals, one associated with the interaction region and another with
the asymptotic region, and we have used an equidistant mesh in each intervals with
Ne = N
in
e + N
out
e . The scattering length as a function of the base parameters (Ne and
ni) given in equation (8) is represented by a(Ne, ni). Specifically, to ensure a convergence
factor, ∆a = |a(Ne, ni) − a(Ne, ni − 1)|, of at least five decimal places, we have used
N ine = 60 in the interval of [0, 40] bohr, N
out
e = 50 in the interval of [40, rmax] bohr
and ni = 30, ∀i. This convergence process is demonstrated, for 87Rb−133Cs collision,
in Table 3 where we have calculated a and ∆a for different values of Ne and ni keeping
N ine /N
out
e = 6/5 and rmax = 6000 bohr, and employing the same potential as Jamieson
et al [31].
The Table 3 also demonstrate that, for the energy E = 10−10 hartree, the scattering
length calculated with the best base parameters has not yet converged in any decimal
place to the same respective values calculated from the lower energies. It means that
this energy value does not lead to a good approximation of equation (6). Thus, we
consider the energy, E, of the order of 10−30 hartree ensuring a very small k so that a is
calculated by the equation (6); this energy value is, for example, much lower than the
one used by Zanelatto et al [33] who considered the energy of the order of 10−13 hartree.
Again, employing the same potential as Jamieson et al [31], we show in Table
4 the influence of maximum separation, rmax, in the convergence of the scattering
length for the 85Rb−133Cs and 87Rb−133Cs collisions. In the Table 4 we note that
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the present results converge to a value very close to those obtained by Jamieson et al
and Zanelatto et al for a large maximum separation; the best agreement is reached in
around rmax = 1000 bohr, but continues its convergence as the maximum separation
increases. Thereby, we evidence the efficiency of the present method to calculate the
scattering length.
Now we consider the PEC, proposed by Almeida et al [25], with spectroscopic
accuracy, obtained for X1Σ+ state of RbCs, from a direct adjustment procedure of
experimental data based on the genetic algorithm. It is given by equation (13) and
Table 1. In Table 5 we show the scattering length for 85Rb−133Cs and 87Rb−133Cs
collisions. The present results were obtained using the FEM with Ne = 60 in the
interval [0, 40] bohr, Ne = 50 in the interval [40, 6000] bohr and ni = 30. Also, in the
table, results are shown for various PECs using several sets of short and long range data
withdrawn of Refs. [31] and [33]. Note that the scattering length is very sensitive to the
PEC parameters. The maximum values found in the Table correspond to the set IV
calculated by Jamieson et al [31] using the iterated perturbation analysis (IPA) potential
by Fellows et al [34] for the short-range interaction and the long-range data from the
equation (14) smoothing to IPA potential. In turn, the minimum values of a correspond
to the set VIII calculated by Zanelatto et al [33] using the ab initio short-range potential
by Allouche et al [35], the dispersion coefficients C6 obtained in reference [36], C8 and
C10 obtained of reference [37], and the exchange parameters (A, β and γ) obtained in
reference [35]. The same short-range data and dispersion coefficients of set VIII were
used by Jamieson et al [31] using the set VI, but with different exchange parameters.
Zanelatto et al [33] also used the Fermi function to connect smoothly the terms of short
and long range. It is notable that their results are the only ones that have a negative
value, indicating a repulsive interaction between atoms.
We also determined the scattering length, for the PEC from Almeida et al, using
the effective range expansion (7), describing k cot δ0 as a function of k
2. This is shown
in Figure 2 for 87Rb−133Cs collision. In order to maintain the results in concordance
with the ones obtained by equation (6) we chosen a energy interval between 10−30 and
10−20 hartree. Then we have got a good estimative for the effective range obtaining
rc = 600.903 bohr for
85Rb−133Cs and rc = 473.350 bohr for 87Rb−133Cs.
In particular, the results obtained with the PEC obtained with spectroscopic quality
employing the FEM is closer of set VII, also calculated by Jamieson et al using their
ab initio short-range interaction potential and the theoretical values of the long-range
parameters obtained in references [37,38] but with C6 replaced by very precise value of
Derevianko et al [36]. On the other hand, Almeida et al [25] determine the coefficients
of multipolar electrostatic expansion of the interaction between the two atoms of the
diatomic molecules comparing them with other values reported in the literature. They
demonstrated that their results are those with the best agreement considering an
experimental estimation of χ4 = C6C10/C
2
8 close to 4/3, as suggested by Le Roy [39]
based on the observation of the coefficients for electronic states of Σ symmetry. Also the
analysis of Thakkar [40] and Mulder et al [41] suggests a value of χ4 larger than 1.2. This
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can be seen in Table 6 in which are presented the coefficients of multipolar electrostatic
expansion taken from Table 1 and from several sets of Table 5. Thus, the C6, C8 and
C10 values of Almeida et al indicate good estimate for the dispersion coefficients. This
lead us to consider that the results obtained in the present study using the Almeida
et al PEC represent good estimates for scattering length and effective range of RbCs
collision in ground state.
4. Conclusion
In this paper we utilized a numerical procedure based on variational R-matrix and finite
element methods to solve the radial Schro¨dinger equation and perform the calculation
of scattering length for the cold collision between the rubidium and cesium atoms. Also
we test a potential energy curve recently fitted to spectroscopic data by Almeida et
al [25] using a methodology based on genetic algorithm. We notice that our results
agree with the previously published in literature. Whereas both variational principle
and local basis functions are quite accurate methods for numerical solution of physical
problems, we believe that the values displayed here, with the novel potential curve, can
be a good estimation for scattering length and effective range of the ground electronic
state of RbCs.
We pointed out that we utilize an efficient algorithm for obtaining the R-matrix
based on a matrix inversion technique which has been successfully applied in other
studies [23, 24]. This algorithm works with small block matrices and aims to achieve
just the last block of the inverse matrix. As the generated matrices by our methodology
is very sparse it is needed to keep into the computer’s memory just few non-zero blocks.
The advantage is that it reduces significantly both memory and computational effort
required to invert the matrix, which is generally quite large in variational approaches.
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Table 1. Parameters obtained by the genetic algorithm procedure of direct
adjustment. The parameters ai are in atomic units.
a1 −1.9504268
a2 0.395953461
a
a3 8.2933763
a4 −0.02599482
a5 −0.00030692
a6 0.11351898
a7 0.03321360
a8 0.87509116
C6 (×106cm−1A˚6 ) 29.783746
C8 (×108cm−1A˚8 ) 11.085596
C10 (×1010cm−1A˚10 ) 4.8508464
a It is misspelled in reference [25].
Table 2. Parameters (in atomic units) used by Jamieson et al [31] for obtaing the
analytical form of long-range potential.
C6 (×103) 5.663
C8 (×105) 7.3052
C10 (×107) 10.831
A (×10−3) 1.5069
β 5.5060
γ 1.0797
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Table 3. Scattering length, a, and, in parentheses, the convergence factor,
∆a(Ne, ni) = |a(Ne, ni) − a(Ne, ni − 1)|, results as function of basis definition (Ne
and ni) being Ne = N
in
e + N
out
e with N
in
e /N
out
e = 6/5, and for rmax = 6000
bohr. Calculated with the potential from Jamieson’s et al [31] (Figure 1) for
the 87Rb−133Cs collision in the X1Σ+ state. All the magnitudes in atomic units:
m(133Cs) = 132.905447 a.u. and m(87Rb) = 86.9091835 a.u..
Energy Ne a and ∆a
ni = 15 ni = 20 ni = 25 ni = 30 ni = 35
88 14.738319 123.65673 72.010790 70.561921 70.561575
(≈ 102) (≈ 101) (≈ 100) (≈ 10−4)
10−10 110 -148.75215 74.153436 70.562123 70.561575 70.561575
(≈ 102) (≈ 100) (≈ 10−4) (< 10−6)
154 74.659203 70.562010 70.561576 70.561575 70.561575
(≈ 100) (≈ 10−4) (< 10−6) (< 10−6)
88 -6.4915552 6381.2704 61.630639 60.118525 60.118163
(≈ 103) (≈ 103) (≈ 100) (≈ 10−4)
10−15 110 241.81065 63.849319 60.118736 60.118163 60.118163
(≈ 102) (≈ 100) (≈ 10−4) (< 10−6)
154 64.370015 60.118618 60.118163 60.118163 60.118163
(≈ 100) (≈ 10−4) (< 10−6) (< 10−6)
88 -6.4919374 6380.3086 61.630452 60.118336 60.117974
(≈ 103) (≈ 103) (≈ 100) (≈ 10−4)
10−20 110 241.80990 63.849135 60.117974 60.117974 60.117974
(≈ 102) (≈ 100) (< 10−6) (< 10−6)
154 64.369832 60.118429 60.117975 60.117974 60.117974
(≈ 100) (≈ 10−4) (< 10−6) (< 10−6)
88 -6.4919374 6380.3085 61.630452 60.118336 60.117974
(≈ 103) (≈ 103) (≈ 100) (≈ 10−4)
10−30 110 241.80989 63.849135 60.118548 60.117974 60.117974
(≈ 102) (≈ 100) (≈ 10−4) (< 10−6)
154 64.369832 60.118429 60.117975 60.117974 60.117974
(≈ 100) (≈ 10−4) (< 10−6) (< 10−6)
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Table 4. Influence of the maximum separation, rmax, in convergence of the scattering
length, a, both in bohr, for the Rb−Cs collision in the X1Σ+ state, calculated
with the potential from Jamieson’s et al [31] (Figure 1). Mass, in atomic units:
m(133Cs) = 132.905447 a.u.; m(85Rb) = 84.9117893 a.u.; m(87Rb) = 86.9091835
a.u..
85Rb−133Cs 87Rb−133Cs
rmax a a
200 67.6489 83.8008
300 50.2289 69.5049
400 44.5831 64.5238
500 42.3731 62.5026
600 41.3493 61.5461
700 40.8135 61.0385
800 40.5067 60.7450
900 40.3188 60.5639
1000 40.1972 60.4461
1200 40.0579 60.3102
1400 39.9862 60.2398
1600 39.9456 60.1997
1800 39.9208 60.1753
2000 39.9050 60.1595
6000 39.8634 60.1180
Table 5. Scattering length , a, for various potential energy curves of X1Σ+ state
using several data sets. Mass, in atomic units: m(133Cs) = 132.905447; m(85Rb) =
84.9117893; m(87Rb) = 86.9091835.
85Rb−133Cs 87Rb−133Cs
Present 59.0770 65.4915
Set Ia 321.3 417.1
Set IIa 115.9 126.6
Set IIIa 103.0 112.4
Set IVa 380.9 564.2
Set Va 27.79 38.87
Set VIa 0.0902 12.43
Set VIIa 40.24 60.18
Set VIIIb −40.618 −11.125
a Jamieson et al [31]
b Zanelatto et al [33]
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Table 6. Coefficients of multipolar electrostatic expansion (in atomic units) taken
from Table 1 and from several sets of Table 5.
C6 (×103) C8 (×105) C10 (×107) χ4 = C6C10/C28
Almeida et al [25] 6.1800 8.2142 12.836 1.18
Set I 5.2840 7.3052 10.831 1.07
Set II 5.4785 8.566 11 0.82
Set III 5.4798 8.566 11 0.82
Set IV 5.4318 8.581 11 0.81
Set V 5.663 8.566 11 0.85
Set VI–VIII 5.663 7.3052 10.831 1.15
 
V 
[1
03
cm
-1
]
-4
-3
-2
-1
0
1
r [bohr]
6 8 10 12 14 16 18 20
M. J. Jamieson et al
M. M. Almeida et al
Figure 1. Potential energy curve for the X1Σ+ state of RbCs molecule.
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Figure 2. Graph of equation (7) describing of k cot δ0 as function of k
2 for 87Rb−133Cs
collision. The energy E = ~k2/2µ varies between 10−30 and 10−20 hartree. The
straight line is the linear regression adjustment getting k cot δ0 = −1.5269 · 10−2 +
2.3667 · 102k2 (a.u.).
